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Abstract The new analytical relations for the relativistic vector wave functions and
Slater type relativistic vector orbitals in coordinate, momentum and four-dimensional
spaces are derived using the properties of quasirelativistic vector spherical harmonics
introduced by the author in previous paper (I.I. Guseinov, J. Math. Chem., 44, 197
(2008)) and complete orthonormal scalar basis sets of nonrelativistic ψα-exponen-
tial type orbitals (ψα-ETO), φα-momentum space orbitals (φα-MSO) and zα-hyper-
spherical harmonics (zα-HSH). The 6-component relativistic vector wave functions
obtained are complete without the inclusion of the continuum. The relativistic vector
wave function sets and Slater type relativistic vector orbitals are expressed through
the corresponding quasirelativistic vector wave functions and Slater vector orbitals,
respectively. The analytical formulas are also derived for overlap integrals over Slater
type relativistic vector orbitals with the same screening constants in coordinate space.

Keywords Vector spherical harmonics · Slater type vector orbitals ·
Overlap integrals

1 Introduction

In Ref. [1] we have developed the method for constructing complete orthonormal
sets of quasirelativistic vector wave functions and Slater type quasirelativistic vector
orbitals for particles with spin s = 1 in coordinate, momentum and four-dimensional
spaces. In this paper, using these functions we obtain a large number of relativistic
vector wave functions and Slater type relativistic vector orbitals in coordinate,
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momentum and four-dimensional spaces. This work presents the development of pre-
vious paper [1].

2 Quasirelativistic vector orbitals in coordinate, momentum
and four-dimensional spaces

In Ref. [1], we have introduced in coordinate, momentum and four-dimensional spaces
the complete orthonormal sets for quasirelativistic vector wave functions and Slater
type quasirelativistic vector orbitals in terms of nonrelativistic scalar orbitals. These
quasirelativistic orbitals are determined by the following relations:

For quasirelativistic vector wave functions

K αl
n jm j

=
⎛
⎜⎝

al
jm j
(0)kαnlml (0)

al
jm j
(1)kαnlml (1)

al
jm j
(2)kαnlml (2)

⎞
⎟⎠. (1)

K
αl
n jm j

=
⎛
⎜⎝

al
jm j
(0)k

α

nlml (0)

al
jm j
(1)k

α

nlml (1)

al
jm j
(2)k

α

nlml (2)

⎞
⎟⎠, (2)

where

K αl
n jm j

= �αl
n jm j

(ζ, �r), �αl
n jm j

(ζ, �k), Zαl
n jm j

(ζ, βθϕ) (3)

K
αl
n jm j

= �
αl
n jm j

(ζ, �r), �
αl
n jm j

(ζ, �k), Z
αl
n jm j

(ζ, βθϕ). (4)

For quasirelativistic Slater type vector orbitals
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and

n ≥ 1, 1 ≤ j ≤ n, − j ≤ m j ≤ j,

j − 1 ≤ l ≤ min( j + 1, n − 1),
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ml(λ) = m j − 1 + λ, 0 ≤ λ ≤ 2.

Here, the complete orthonormal sets of scalar functions (kαnlml
, k

α

nlml
), and Slater

type scalar orbitals knlml are defined as
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See Refs. [2–5] for exact definition of functions ψαnlml
, ψ

α
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, φ
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,
z αnlml ,

χnlml ,unlml and vnlml occurring in these formulas.
The quasirelativistic and nonrelativistic functions satisfy the following orthonor-

mality relations:
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where �x ≡ �r , �k, βθϕ
and d3 �x ≡ d3�r , d3�k, d(ζ, βθϕ).

3 Relativistic vector wave functions and Slater type relativistic
vector orbitals

For the construction of the complete orthonormal sets of relativistic 6-component vec-
tor wave functions, and Slater type relativistic vector orbitals in coordinate, momen-
tum and four-dimensional spaces we use the quasirelativistic 3-component vector

wave functions
(

K αl
n jm j

, K
αl
n jm j

and K α,l+t
n jm j

, K
α,l+t
n jm j

)
, and quasirelativistic Slater
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type vector orbitals
(

K l
njm j

and K l+t
n jm j

)
defined by Eqs. 1, 2 and 5. Here, the val-

ues of parameter t are determined from the relation

j = l + t, (14)

where t = 0,±1.
Using these relations we obtain the following relativistic formulae through the

quasirelativistic and nonrelativistic functions:
For relativistic vector wave functions
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For Slater type relativistic vector orbitals
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The relativistic vector wave functions and Slater type relativistic vector orbitals
obtained satisfy the following orthogonality relations:
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where α = 1, 0,−1,−2, . . .
We see from the formulas presented in this work, all of the relativistic vector wave

functions and Slater type relativistic vector orbitals defined in coordinate, momentum
and four-dimensional spaces are expressed through the corresponding nonrelativistic
and quasirelativistic functions. Thus, all of the formulae obtained in [5] for the scalar
orbitals in coordinate, momentum and four-dimensional spaces can be also used in
the case of relativistic functions.

4 Overlap integrals of Slater type relativistic vector orbitals
in coordinate space

We evaluate, as an example of application, the two-center overlap integrals over Slater
type relativistic vector orbitals with the same screening parameters defined in coordi-
nate space as
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where �r = �ra , �r − �R = �rb, and �G = 2ζ �R. For the evaluation of these integrals
we use Eq. 17b for K lt
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nonrelativistic overlap integrals:
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×
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The relation for the coefficients ωαl is given in Ref. [2]. In Eq. 22b, the overlap
integral over Slater type scalar orbitals are expressed in terms of overlap integrals
over complete orthonormal sets of scalar ψα-ETO. The analytical relations for the
nonrelativistic overlap integrals over ψα-ETO are presented in [5].

The values of overlap integrals of Slater type relativistic vector orbitals with the
same screening parameters obtained with the help of complete orthonormal sets of
ψ1-, ψ0- and ψ−1-ETO using Mathematica 5.0 international mathematical software
are presented in Table. As can be seen from this table that the suggested approach guar-
antees a highly accurate calculation of the overlap integrals over Slater type relativistic
vector orbitals.

We notice that the overlap integrals over Slater type relativistic vector orbitals with
the same screening parameters may be played a significant role in the calculation of
arbitrary multicenter relativistic integrals arising in the study of different problems
in Relativistic quantum mechanics. Thus, the relations for the nonrelativistic overlap
integrals over scalar ψα-ETO, φα-MSO, zα-HSH and χ -STO presented in our previ-
ous papers can be used in the evaluation of multicenter integrals over corresponding
quasirelativistic and relativistic vector wave functions and Slater vector orbitals.
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